INTRODUCTION
One of the central problems in Fourier analysis is the study of Littlewood᎐Paley theory on weighted spaces over ‫ޒ‬ n . In this paper we shall study the theory with the underlying group ‫ޒ‬ n replaced by certain totally disconnected groups G that are the locally compact analogue of Vilenkin groups. Pioneering work in this direction was done as early as 1955 by w x Hirschman who considered in 4 Littlewood᎐Paley theorems for powerweighted L p spaces over the dyadic group. With the underlying group still w x the dyadic group, Gundy and Wheeden 3 extended Hirschman's result to weighted spaces L p where w is in the Muckenhoupt class A . Hirschman's w p w x result was extended in a different direction by Onneweer 7 . This time, the underlying spaces remain unchanged as the power-weighted L p spaces but the dyadic group is replaced by certain totally disconnected groups G. It is thus natural to ask whether we have a Littlewood᎐Paley theorem for p Ž . weighted space L G , where w g A and G is a totally disconnected w p group. We shall answer this problem affirmatively in Theorem 1. We apply Theorem 1 to obtain in Theorem 2 a mixed-norm type p Ž . multiplier result on L G , w g A . We prove in Theorem 3 that Theorem w p 2 is sharp in a certain sense. We end this paper by giving an application of Theorem 2.
DEFINITIONS AND NOTATION
Throughout this paper G will denote a locally compact Vilenkin group, that is to say, G is a locally compact Abelian topological group containing Ž . ϱ a strictly decreasing sequence of open compact subgroups G such
Examples of such locally compact Vilenkin groups are the p-adic numbers w x and, more generally, the additive group of a local field, see Taibleson 14 . Let ⌫ denote the dual group of G, and for each n g ‫,ޚ‬ let ⌫ denote n the annihilator of G , that is, 
For p with 1 F p F ϱ we shall denote its conjugate by pЈ; thus 1rp q 1rpЈ s 1. For an arbitrary set A we denote its characteristic function by . The symbols n and k will be used to denote the Fourier and inverse
A
Fourier transform, respectively. It is easy to see that for each n g ‫ޚ‬ we have
We now briefly review the definitions of the spaces of test functions, Ž . Ž . w x S S G , and distributions, S S Ј G ; for more details, see Taibleson 14 . A Ž . function : G ª ‫ރ‬ belongs to S S G if there exist integers k, l, depending on , so that supp ; G and is constant on the cosets of some 
The spaces S S ⌫ and n ªϱ n Ž . S SЈ ⌫ are defined likewise with the underlying group replaced by ⌫. It is Ž . Ž . easy to see that the Fourier transform maps S S G onto S S ⌫ . Moreover, Ž . we can extend the Fourier and inverse Fourier transform to S S Ј G and Ž . S SЈ ⌫ in the standard way and the usual properties hold.
Ž . For f g SЈ G we define its maximal function Mf by
The Muckenhoupt classes A , 1 F p F ϱ, of weight functions are defined p on G as on ‫ޒ‬ n , replacing the cubes Q in the definitions of Muckenhoupt w x by the cosets of the subgroups G of G, n g ‫,ޚ‬ see 2, Chap. 4 . n Let w be a non-negative locally integrable function on G. We define p Ž . L G , 0 -p -ϱ to be the class of all measurable functions f such that
Ä5 5 with the usual modification if s s ϱ; where , j s sup y :
exists a positive constant C so that for all f g S S G we have
and there exists C ) 0 so that for all l, k g ‫ޚ‬ we have 
The above example raises the following question: Is there a positive real
The following theorem answers this ques-
tion with the help of Theorem 1.
Our next theorem shows that the choice of s in Theorem 2 is optimal.
As an application of Theorem 2, we give the following sufficient condi-
all i g ‫ޚ‬ and
is a multiplier on L G for all 1 -r -2 and
␣ < < ␣ -r y 1.
PROOF OF THEOREM 1
We begin with the following lemma on Hormander-type multipliers whose proof is omitted as it is essentially the same as the proof of w x Theorem 3 in Onneweer and Quek 9 . For n s 0, 1, 2, . . . , let r t s sgn sin 2 t n w x be the nth Rademacher function on 0, 1 . For each n g ‫ޚ‬ we define n* by
We shall prove that satisfies condition H r, ⑀ t t Ž . k for 1 F r -ϱ and ⑀ ) 0. First we recall our notation ⌬ s for
Ž where the last equality follows from ⌬ x y y s ⌬ x for i F n since
and y g G with l ) n . It follows that for k g ‫ޚ‬ we have 
p,w p,w t p Ž . It is also easy to see that C is a constant independent of t. Integrating 1 p w x with respect to t over 0, 1 and applying Fubini's theorem to the integration on the left, we get
w The proof is completed by the standard duality argument as in Stein 13 , x p. 105 .
PROOF OF THEOREM 2
Before turning to the proof of Theorem 2, we introduce some additional definitions and results. With minor modification, the proof there remains valid for any weight w Ž . in A . In fact, the only modification required is to replace 3.13 
where the second inequality follows from g y g F 2 , supp ;
where the first inequality is by Theorem 1 and the second inequality is due Ž . to 1 .
we have is a multiplier on L G . But the following argument shows that t Ž . p Ž . is not a multiplier on L G and hence is not a multiplier on L G .
To see that is not a multiplier on L G , let ␤ s 1r2 y ␣ and for every n g ‫ގ‬ choose a character ␥ g ⌫ _⌫ and define h on G by 
sIqII.
It is easy to see that 
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